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Abstract. This paper presents an analytic solution of the incompressible

Navier-Stokes equations as recurrence relations for the solution’s derivatives,
addressing the Clay Mathematics Institute’s Millennium Prize problem on

Navier–Stokes existence and smoothness.

1. Introduction

This paper presents an analytic solution that addresses the Clay Math millen-
nium problem on the “Existence and Smoothness of the Navier-Stokes Equation”
[1]. This analytic solution is expressed as a recurrence relation for the derivatives
of the solution that may be used in a Taylor series.

The Cauchy–Kovalevskaya Theorem [2] tells us that a system of analytic dif-
ferential equations with analytic initial conditions will have an analytic solution.
With appropriate initial and boundary conditions, the Navier-Stokes equations
meet these conditions. Indeed, many of the numerical methods used in Compu-
tational Fluid Dynamics (CFD) solvers are derived in part using Taylor series ap-
proximations and, in 1986, Perry and Chong [3] successfully found local analytic
solutions to the Navier-Stokes equations using a computer algebra system to ex-
pand the Taylor series solutions. Such numerical methods are very powerful, but
do not provide the insight available from a general solution.

Rather than use computer algebra, the method in this paper provides arbitrary
order recurrence relations for the derivatives of the solution symbolically. These
relations can be used to generate Taylor series expansions wherever the initial and
boundary conditions are analytic. This approach is extremely useful for studying
the general properties of the solution and can be used to solve the Clay Math
millennium problem.

1.1. The Clay Math Navier-Stokes Problem. The Clay Math millennium
problem as stated in “Existence and Smoothness of the Navier-Stokes Equation”
by Fefferman [1] concerns the N -dimensional Navier-Stokes momentum differential
equations for 1 ≤ j ≤ N :

(1.1)
∂

∂t
uj(t, x⃗)+

N∑
k=1

uk(t, x⃗)
∂

∂xk
uj(t, x⃗) = ν

N∑
k=1

∂2

∂x2
k

uk(t, x⃗)−
∂

∂xj
p(t, x⃗)+fj(t, x⃗)
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with the divergence-free constraint for incompressible flow:

(1.2)

N∑
j=1

∂

∂xj
uj(t, x⃗) = 0

and the initial condition:

(1.3) uj(t
0, x⃗) = u0

j (x⃗) , x⃗ ∈ RN

Above, the uj(t, x⃗) : RN+1 → R are the components of the fluid velocity at t ∈ R
and x⃗ ∈ RN , fj(t, x⃗) : RN+1 → R is the applied specific force, and p(t, x⃗) : RN+1 →
R is the kinematic pressure (i.e. pressure divided by density).

The Clay Math problem asks for a solution that shows either the existence and
smoothness of solutions or breakdown of solutions in either of two problems:

(A) Existence and smoothness of Navier–Stokes solutions on R3:
Take ν > 0 and N = 3. Let u0

j (t, x⃗) be any smooth, divergence free vector field
satisfying:

(1.4)

∣∣∣∣∂∥α∥

∂x⃗α
u0
j (x⃗)

∣∣∣∣ ≤ Cαk

(1 + ∥x⃗∥)k

where α is multi-index notation (see section 2.1 below) for α1, . . . , αN and Cαk is
a positive constant for any αj > 0 and k > 0. Take f(t, x⃗) to be identically zero.
Then there exist smooth functions p(t, x⃗) and f(t, x⃗) on R3 × [0,∞) that satisfy
(1.1), (1.2), (1.3), and the following constraint on the flow’s kinetic energy:

(1.5)

∫
R3

∥u⃗(t, x⃗)∥2 < C , for all t ≥ 0

(B) Existence and smoothness of Navier–Stokes solutions in R3/Z3:
Let uj(t, x⃗) be any smooth, divergence free vector field satisfying the following

periodic intial condition for e⃗j ∈ R3:

(1.6) u0
j (x⃗+ e⃗j) = u0

j (x⃗) , p0j (x⃗+ e⃗j) = p0j (x⃗) , for 1 ≤ j ≤ 3

Then there exist smooth functions p(t, x⃗) and f(t, x⃗) on R3 × [0,∞) that satisfy
(1.1), (1.2), (1.3), and:

(1.7) uj(t, x⃗+ e⃗j) = uj(t, x⃗) , pj(t, x⃗+ e⃗j) = pj(t, x⃗) , for 1 ≤ j ≤ 3

In this paper I will show that (A) is true and that (B) is true if the initial
conditions for velocity and pressure are analytic.

2. Preliminaries

Before attacking the Navier-Stokes problem, I need to clarify the notation that
I’ll be using, review some properties of real analytic functions, and describe the pro-
cess for multiplying and taking partial derivatives of Taylor series. In this section,
my goal is to provide some background for readers not familiar with multivariate
real analytic functions.
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2.1. Multi-Index Notation. As shorthand forN position coordinates, x1, . . . , xN

I will use the vector x⃗. When I use Greek indices such as α, they represent “multi-
index” notation [2] corresponding to α1α2 . . . αN indices for these N coordinates.
Below are some examples of how multi-index notation expands for N = 3 dimen-
sions:

fα = fα1α2α3(2.1)

∥α∥ = α1 + α2 + α3(2.2)

∂∥α∥

∂x⃗α
f(x⃗) =

∂α1

∂xα1
1

∂α2

∂xα2
2

∂α3

∂xα3
3

f(x1, x2, x3)(2.3)

α! = α1!α2!α3!(2.4)

(x⃗− x⃗ 0)α = (x1 − x0
1)

α1(x2 − x0
2)

α2(x3 − x0
3)

α3(2.5)
∞∑

α=0

bα(x⃗)α =

∞∑
α1=0

∞∑
α2=0

∞∑
α3=0

bα1α2α3(x1)
α1(x2)

α2(x3)
α3(2.6) (

n

α

)
=

n!

α1!α2!α3!
(2.7) (

µ

α

)
=

µ1!µ2!µ3!

α1!α2!α3!
(2.8)

(x⃗)α+µ = (x1)
α1+µ1(x2)

α2+µ2(x3)
α3+µ3(2.9)

2.2. Derivative Notation. I will use parentheses when raising a quantity to a
power, e.g. (x)n, and superscripted indices to represent derivatives. I’ll use greek
multi-indices for derivatives with respect to coordinates and latin indices for other
derivatives. For example:

(2.10) umα
j (t0, x⃗ 0) =

∂m

∂tm
∂∥α∥

∂x⃗α
uj(t, x⃗)

∣∣∣∣
t0,x⃗ 0

When I don’t explicitly write the variables where these derivatives are evaluated,
they are implied:

(2.11) umα
j =⇒ umα

j (t0, x⃗ 0)

With this notation, incrementing the superscripted index increases the order
of the derivative. I.e., if fn = dn/dxnf(x), then fn+1 = dn+1/dxn+1f(x). To
increment one index in a set of multi-indices, I will use ∂s

k(f
α) to increment the

kth αn by s, i.e.:

(2.12) ∂s
k

(
umα
j

)
= u

mα1...(αk+s)...αN

j

2.3. Taylor Sum Notation. Since the sum of 1
m! (t− t0)m 1

α! (x⃗− x⃗ 0)α terms will
occur frequently in the following sections, I find it convenient to use the following
shorthand:

(2.13) ∆mα(t, x⃗; t
0, x⃗ 0) =

1

m!
(t− t0)m

1

α!
(x⃗− x⃗ 0)α

As in (2.11), when the variables are omitted, they are implied:

(2.14) ∆mα =⇒ ∆mα(t, x⃗; t
0, x⃗ 0)
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For example, the Taylor series expansions of the velocity components and pressure
can be written as:

uj(t, x⃗) =

∞∑
m=0

∞∑
α=0

umα
j (t0, x⃗ 0)

1

m!
(t− t0)m

1

α!
(x⃗− x⃗ 0)α(2.15)

=

∞∑
m=0

∞∑
α=0

umα
j (t0, x⃗ 0)∆mα(t, x⃗; t

0, x⃗ 0)

=

∞∑
m=0

∞∑
α=0

umα
j ∆mα

p(t, x⃗) =

∞∑
m=0

∞∑
α=0

pmα(t0, x⃗ 0)
1

m!
(t− t0)m

1

α!
(x⃗− x⃗ 0)α(2.16)

=

∞∑
m=0

∞∑
α=0

pmα(t0, x⃗ 0)∆mα(t, x⃗; t
0, x⃗ 0)

=

∞∑
m=0

∞∑
α=0

pmα∆mα

2.4. Real Analytic Functions. I will use the following definition and properties
of real analytic functions from Krantz and Parks [2]. For the propositions, I have
provided outlines of alternate proofs that I hope are more accessible to readers with
engineering or science backgrounds.

Definition 2.1. A function f , with domain an open subset X ⊆ RN and range R
is called “real analytic” on X, written f ∈ Cω(X), if for each x1, . . . , xN ∈ X the
function f may be represented by a convergent power series in some neighborhood
of x1, . . . , xN .

Proposition 2.2. Let f ∈ C∞(U) for some U ∈ RN . The function f is in fact
in Cω(U) if and only if, for each x1, . . . , xN ∈ U , there is an open ball V , with
x1, . . . , xN ∈ V ⊆ U , and constants C > 0 and R > 0 such that the derivatives of
f satisfy:

(2.17)
∣∣fα(x⃗ 0)

∣∣ ≤ C · α!

R∥α∥ , ∀x0
j ∈ V

Proof. To derive (2.17), first convert a univariate geometric series into a multi-

variate series using the substitution r =
∑N

j=1(xj − x0
j )/R and the multinomial

theorem:

(2.18)

∞∑
n=0

C(r)n =

∞∑
α=0

C

R∥α∥

(
∥α∥
α

)
(x⃗− x⃗ 0)α

Then via the comparison test with (2.18), the following series converges when

|
∑N

j=1(xj − x0
j )| < R:

(2.19)

∞∑
α=0

C

R∥α∥ (x⃗− x⃗ 0)α

The comparison test of a Taylor series:
∑∞

α=0 f
α(x⃗ 0)/α!(x⃗−x⃗ 0)α with (2.19) yields

(2.17) and the limit comparison test shows the Taylor series converges if and only
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if (2.17) is true. Next, to show the Taylor series converges to f , consider the Taylor
series remainder with the constraint in (2.17):

(2.20) |Rν(x⃗− x⃗ 0)| =

∞∑
α=ν

∣∣∣∣fα(x⃗ 0)

α!
(x⃗− x⃗ 0)α

∣∣∣∣ ≤
∞∑

α=ν

C

R∥α∥

∣∣(x⃗− x⃗ 0)α
∣∣

The right side of (2.20) is the remainder of the geometric series in (2.19) which
tends to zero as ν → ∞. Therefore if (2.17) is true and f ∈ C∞(U), the Taylor
series of f converges to f and f is real analytic. □

Proposition 2.3. Let U, V ⊆ RN be open. If f : U → R and g : V → R are real
analytic, then f + g, f · g are real analytic on U ∩ V , and f/g is real analytic on
U ∩ V ∩ {xj : g(x1, . . . , xN ) ̸= 0}.

Proof. An outline of the proof: use bounds from Proposition 2.2 with the same R
for both series (i.e. an R less than the radii of convergence for both series). For
addition, take the sum of two Taylor series satisfying the bounds in (2.17) and show
that the sum also satisfies (2.17). For multiplication, use the generalized Leibniz
product rule (see (2.27) below) to show the same also applies to products of Taylor
series and it follows that multiplying analytic functions yields analytic functions.
As division is the inverse of multiplication, if f(x⃗) = c(x⃗) · g(x⃗) is analytic and g(x⃗)
is analytic and nonzero, then c(x⃗) = f(x⃗)/g(x⃗) must be analytic. □

Proposition 2.4. Let f be a real analytic function defined on an open subset
X ⊆ RN . Then f is continuous and has real analytic partial derivatives of all
orders. Further, the indefinite integral of f with respect to any variable is real
analytic.

Proof. An outline of the proof: by comparison test, show that
∑∞

α=0
C

R∥α∥

(∥α∥+k
α

)
(x⃗)α

converges if and only if (2.18) converges. Then via comparison test with a Taylor
series, convert the condition in (2.17) into:

(2.21) |fα| ≤ C · (∥α∥+ k)!

R∥α∥ , ∀xj ∈ V, ∀k ∈ N0

As differentiation of Taylor series increments indices (see 2.5 below), this is equiva-
lent to different values of k in (2.21) and the proposition follows for both derivatives
and anti-derivatives. □

2.5. Differentiation and Integration. If we take the derivative of each term of
a Taylor series for f(x⃗) with respect to xk, the fα(x⃗ 0) is not a function of x⃗, and
the derivative of ∆α(x⃗; x⃗

0) is found by decrementing the αk index. Since we are
using the α indices as dummy indices in a sum, this is equivalent to incrementing
the αk index on the fα(x⃗ 0):(

∂

∂xk

)s ∞∑
α=0

fα(x⃗ 0)∆α(x⃗; x⃗
0) =

∞∑
α=0

fα(x⃗ 0)∂
(−s)
k

(
∆α(x⃗; x⃗

0)
)

(2.22)

=

∞∑
α=0

∂s
k

(
fα(x⃗ 0)

)
∆α(x⃗; x⃗

0)
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Similarly, to integrate on xk, we increment the αk index on ∆α(x⃗; x⃗
0) and add Fα

constants of integration:

(2.23)

∫ s ∞∑
α=0

fα(x⃗ 0)∆α(x⃗; x⃗
0)(dxk)

s =

∞∑
α=0

fα(x⃗ 0)∂s
k(∆α(x⃗; x⃗

0)) +

∞∑
α(j ̸=k)=0

s∑
αk=0

Fα(x⃗ 0)∆α(x⃗; x⃗
0)

2.6. Multiplying Series. To solve the Navier-Stokes equations in terms of Taylor
series, we will need to multiply the infinite series. For this, we can use the Cauchy
product. This is found by multiplying the series and collecting like terms.

c(t, x⃗) = a(t, x⃗) · b(t, x⃗)(2.24)

=

( ∞∑
p=0

∞∑
µ=0

apµ
1

p!
(t− t0)p

1

µ!
(x⃗− x⃗ 0)µ

)

×

( ∞∑
q=0

∞∑
ν=0

bqν
1

q!
(t− t0)q

1

ν!
(x⃗− x⃗ 0)ν

)

=

∞∑
p=0

∞∑
µ=0

∞∑
q=0

∞∑
ν=0

apµbqν
1

p!q!
(t− t0)(p+q) 1

µ!ν!
(x⃗− x⃗ 0)(µ+ν)

Introducing new indices m = p+ q and α = µ+ ν yields:

(2.25) c(t, x⃗) =

∞∑
p=0

∞∑
µ=0

∞∑
m=0

∞∑
α=0

apµb(m−p)(α−µ)

× m!

p!(m− p)!

α!

µ!(α− ν)!

1

m!
(t− t0)m

1

α!
(x⃗− x⃗ 0)α

This can be rewritten with multi-index binomial coefficients and the ∆mα notation
from (2.14) as:

(2.26) c(t, x⃗) =

∞∑
m=0

∞∑
α=0

m∑
p=0

α∑
µ=0

(
m

p

)(
α

µ

)
apµb(m−p)(α−µ)∆mα

The coefficients of the Taylor expansion of c(t, x⃗) =
∑∞

m=0

∑∞
α=0 c

mα∆mα are:

(2.27) cmα =

m∑
p=0

α∑
µ=0

(
m

p

)(
α

µ

)
apµb(m−p)(α−µ)

The cmα in (2.27) correspond to the generalized Leibniz product rule for the deriva-
tives of the product of a(t, x⃗) · b(t, x⃗).

3. Series Solution of the Navier-Stokes Equations

In this section, I will develop recurrence relations for derivatives of the analytic
solution of the Navier-Stokes equations in (1.1) and (1.2). In the next section, I
will use this solution to address the Clay Math problem. Although the Clay Math
problem may be the hook that brought you to read this far, I think the recurrence
relations for the analytic solution in this section are the more interesting result.
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I start with candidate series for real analytic functions uj(t, x⃗) and p(t, x⃗) from
(2.15) and (2.16), and with a real analytic function for applied force: fj(t, x⃗) =
fmα
j ∆mα. I will then substitute these series expansions into (1.1) and (1.2) and
solve for the derivatives of the unknown analytic functions.

3.1. Divergence-Free Constraint. Substitute the Taylor series expansion of uj(t, x⃗)
from (2.15) into (1.2) using the derivative index increment notation in (2.12):

(3.1)

N∑
j=1

∂

∂xj
uj(t, x⃗) =

N∑
j=1

∂1
j

(
umα
j

)
∆mα

As the ∆α are orthogonal functions, this yields a constraint on the derivatives of
uj(t, x⃗):

N∑
j=1

∂1
j

(
umα
j

)
= 0(3.2)

3.2. Pressure Poisson Equation. Even if given a velocity initial condition, uj(t
0, x⃗),

that satisfies the divergence free condition in (1.2), uj(t, x⃗) must meet this con-
straint for t > t0. As an alternative to (1.2), this condition can be enforced with
pressure and the pressure Poisson equation.

To derive the pressure Poisson equation, first take sum the ∂/∂xj derivatives of
the Navier-Stokes momentum equations (1.1) :

(3.3)

N∑
j=1

∂

∂xj

(
∂

∂t
uj(t, x⃗) +

N∑
k=1

uk(t, x⃗)
∂

∂xk
uj(t, x⃗)

)
=

N∑
j=1

∂

∂xj

(
ν

N∑
k=1

∂2

∂x2
k

uk(t, x⃗)−
∂

∂xj
p(t, x⃗) + fj(t, x⃗)

)
Assuming u(t, x⃗) and p(t, x⃗) have continuous second derivatives, their second deriva-
tives are symmetric and their ∂/∂xj derivatives can be reordered:

(3.4)
∂

∂t

N∑
j=1

∂uj

∂xj
+

N∑
k=1

 N∑
j=1

∂

∂xj
uk(t, x⃗)

∂

∂xk
uj(t, x⃗) + uk(t, x⃗)

∂

∂xk

N∑
j=1

∂uj

∂xj


= ν

N∑
j=1

∂

∂xj

N∑
k=1

∂2uk

∂x2
k

−
N∑
j=1

∂2

∂x2
j

p(t, x⃗) +

N∑
j=1

∂

∂xj
fj(t, x⃗)

This assumption is justified later when I show that u(t, x⃗) and p(t, x⃗) are analytic.

Per (1.2), cancel the
∑N

j=1 ∂uj/∂xj = 0 and (3.4) becomes the following pressure
Poisson equation:

(3.5)

N∑
j=1

∂2

∂x2
j

p(t, x⃗) =

N∑
j=1

∂

∂xj
fj(t, x⃗)−

N∑
j=1

N∑
k=1

∂

∂xj
uk(t, x⃗)

∂

∂xk
uj(t, x⃗)

Equation (3.5) consists only of derivative, multiplication, and addition opera-
tions, therefore, with Propositions 2.3 and 2.4, it may be used to show that pres-
sure is analytic with analytic initial conditions. It also can be used to provide a
recurrence relation for pressure derivatives.
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Lemma 3.1. For the Navier-Stokes equations in (1.1) and (1.2), if the velocities
uj(t, x⃗) ∈ Cω(X) and forces fj(t, x⃗) ∈ Cω(X) for t, x⃗ ∈ X ⊆ RN+1, then p(t, x⃗) ∈
Cω(X) and the derivatives of pressure, pmα, satisfy:

(3.6)

N∑
j=1

∂2
j (p

mα) =

N∑
j=1

∂1
j

(
fmα
j

)
−

N∑
j=1

N∑
k=1

m∑
p=0

α∑
µ=0

(
m

p

)(
α

µ

)
∂1
j (u

pµ
k ) ∂1

k

(
u
(m−p)(α−µ)
j

)
Proof. By Propositions 2.3 and 2.4, if uj(t, x⃗) ∈ Cω(X) and fj(t, x⃗) ∈ Cω(X) for
t, x⃗ ∈ X ⊆ RN+1, then the right hand side of (3.5) is analytic and p(t, x⃗) ∈ Cω(X).
Substituting in Taylor series for u(t, x⃗) and p(t, x⃗) into (3.5) and applying the
multiplication rule from (2.27) yields:

(3.7)

∞∑
m=1

∞∑
α=1

 N∑
j=1

N∑
j=1

∂2
j (p

mα)

∆mα =

∞∑
m=1

∞∑
α=1

 N∑
j=1

∂1
j

(
fmα
j

)

−
N∑
j=1

N∑
k=1

m∑
p=0

α∑
µ=0

(
m

p

)(
α

µ

)
∂1
j (u

pµ
k ) ∂1

k

(
u
(m−p)(α−µ)
j

)∆mα

As the ∆mα are orthogonal functions, matching ∆mα coefficients then yields the
relation for the pressure derivatives in (3.6). □

3.3. Solving the Momentum Equations. Substituting candidate Taylor series
for velocity and pressure into (1.1) provides the analytic solution for the Navier-
Stokes equations.

Theorem 3.2. For the Navier-Stokes equations in (1.1), if the forces fj(t, x⃗) ∈
Cω(X) and initial velocities uj(t

0, x⃗) ∈ Cω(X) for t, t0, x⃗ ∈ X ⊆ RN+1, then
u(t, x⃗) ∈ Cω(X) and p(t, x⃗) ∈ Cω(X). Additionally the time derivatives of velocity,
umα, satisfy:

(3.8) u
(m+1)α
j = ν

N∑
k=1

∂2
k (u

mα
k )− ∂1

j (p
mα) + fmα

j

−
m∑

p=0

α∑
µ=0

(
m

p

)(
α

µ

) N∑
k=1

upµ
k ∂1

k

(
u
(m−p)(α−µ)
j

)
Proof. By Propositions 2.3 and 2.4, if uj(t

0, x⃗), fj(t, x⃗), p(t
0, x⃗) ∈ Cω(X) for t0, t, x⃗ ∈

X ⊆ RN+1, then the right hand side of (1.1) is analytic and u(t, x⃗) ∈ Cω(X). By
Lemma 3.1, p(t0, x⃗) ∈ Cω(X) if the force and initial velocity are analytic. If (3.8)
is also true, then the time derivatives of u(t, x⃗) and p(t, x⃗) are consistent with
Proposition 2.2 and u(t, x⃗), p(t, x⃗) ∈ Cω(X).

To solve (1.1), I will substitute in Taylor series for uj(t, x⃗), p(t, x⃗), and fj(t, x⃗),
and then write it in a form summing terms of like orders. I.e, transform (1.1) into
this form:

(3.9) Amα
j ∆mα +Bmα

j ∆mα = Cmα
j ∆mα −Dmα

j ∆mα + fmα
j ∆mα
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First, find Amα
j by substituting (2.15) for uj(t, x⃗):

(3.10)
∂

∂t
uj(t, x⃗) =

∞∑
m=0

∞∑
α=0

u
(m+1)α
j ∆mα =⇒ Amα

j = u
(m+1)α
j

For the next term:

(3.11)

N∑
k=1

uk(t, x⃗)
∂

∂xk
uj(t, x⃗)

=

N∑
k=1

( ∞∑
p=0

∞∑
µ=0

upµ
k

1

p!
∆pµ

)( ∞∑
q=0

∞∑
ν=0

∂1
k

(
uqν
j

)
∆qν

)

Using the multiplication rule from (2.27):

(3.12) Bmα
j =

∞∑
m=0

∞∑
α=0

m∑
p=0

α∑
µ=0

(
m

p

)(
α

µ

) N∑
k=1

upµ
k ∂1

k

(
u
(m−p)(α−µ)
j

)
Cmα

j is the Laplacian of uk(t, x⃗):

(3.13) ν

N∑
k=1

∂2

∂x2
k

uk(t, x⃗) =

∞∑
m=0

∞∑
α=0

ν

N∑
k=1

∂2
k (u

mα
k )∆mα

(3.14) Cmα
j = ν

N∑
k=1

∂2
k (u

mα
k )

Dmα
j is the partial derivative of p(t, x⃗):

(3.15)
∂

∂xj
p(t, x⃗) =

∞∑
m=0

∞∑
α=0

∂1
j (p

mα)∆mα

(3.16) Dmα
j =

∞∑
m=0

∞∑
α=0

∂1
j (p

mα)

Equation (3.8) is then found from the Amα
j ,Bmα

j ,Cmα
j , and Dmα

j in (3.9) rear-
ranged to give a recurrence relation for time derivatives of uj(t, x⃗) from lower order
derivatives of uj(0, x⃗), f(t, x⃗), and p(t, x⃗). □

Equation (3.8) provides the u
(m+1)α
j (t0, x⃗) derivatives from the order m time

and order α spatial derivatives of velocity, pressure, and applied force. If given
analytic functions for applied force, pressure, and initial velocity, (3.8) is enough to
find uj(t, x⃗). However, if p(t, x⃗) is not available, then the solution in Theorem 3.2
and (3.8) is underdetermined. At first this may seem unsatisfying, but a physically
meaningful solution needs to give different results with different boundary condi-
tions. (E.g. a brick should have different flow characteristics than an airplane.)

Where given the time derivatives of velocity, e.g. for steady-state flow or on
no-slip boundaries, only initial conditions for velocity are needed and (3.8) can be
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solved for the spatial derivatives of p(t, x⃗):

(3.17) ∂1
j (p

mα) = ν

N∑
k=1

∂2
k (u

mα
k )− u

(m+1)α
j + fmα

j

−
m∑

p=0

α∑
µ=0

(
m

p

)(
α

µ

) N∑
k=1

upµ
k ∂1

k

(
u
(m−p)(α−µ)
j

)
If given fj(t, x⃗) and the time-dependent velocity on a boundary, (3.17) with the
zero divergence constraint (3.2) may be used to get the spatial derivatives of pres-
sure needed in (3.8). For example, the boundary velocity uj(t, x

0
1, x2, x3) provides

um0α2α3
j and (3.17) provides pm1α2α3 . Then (3.8) with pm1α2α3 provides um1α2α3

2

and um1α2α3
3 , which in (3.2) yields um1α2α3

1 . Now with um1α2α3
j , repeat this process

to get um2α2α3
j and so on.

3.4. Total System Energy. Since Cω(X) ⊂ C∞(X), when the conditions of
Theorem 3.2 are met, (3.8) provides the smooth pressure and velocity solutions
sought in the Clay Math problem, but for version (A) of the problem I also need to
show that the kinetic energy of the solution is bounded with the given constraints
on velocity.

The total system specific energy, E (t, x⃗, x⃗ 0), is the sum of the internal energy of
the fluid, e(t, x⃗, x⃗ 0), and the kinetic energy of the fluid:

(3.18) E (t, x⃗, x⃗ 0) = e(t, x⃗, x⃗ 0) +
1

2

∫ x⃗

x⃗ 0

N∑
j=1

(uj(t, x⃗))
2
dx⃗

We can substitute Taylor series for the uj(t, x⃗) into (3.18):

(3.19) E (t, x⃗, x⃗ 0) = e(t, x⃗, x⃗ 0)

+
1

2

∫ x⃗

x⃗ 0

 ∞∑
m=0

∞∑
α=0

m∑
p=0

α∑
µ=0

(
m

p

)(
α

µ

) N∑
j=1

upµ
j u

(m−p)(α−µ)
j ∆mα

 dx⃗

The integral in (3.19) is:

(3.20)
1

2

∫ x⃗

x⃗ 0

N∑
j=1

(uj(t, x⃗))
2
dx⃗ =

1

2

∞∑
m=0

∞∑
α=0

m∑
p=0

α∑
µ=0

(
m

p

)(
α

µ

) N∑
j=1

upµ
j u

(m−p)(α−µ)
j ∆m(α+1)

The derivatives of the specific energy are then given by:

(3.21) E m(α+1) = em(α+1) +
1

2

m∑
p=0

α∑
µ=0

(
m

p

)(
α

µ

) N∑
j=1

upµ
j u

(m−p)(α−µ)
j

By Propositions 2.3 and 2.4 we know that (3.21) is consistent with an analytic
total energy function so long as the internal energy and velocity are also analytic.
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3.4.1. Bounds on Kinetic Energy. As the kinetic energy integral in (3.20) is analytic
with a convergent Taylor series, it is bounded when t, x⃗ are finite, but version (A)
of the Clay Math problem seeks bounded energy with unbounded t and x⃗, but
with bounded velocity derivatives uj(t, x⃗). In this section I will show for bounded
velocity derivatives, kinetic energy’s derivatives are also bounded.

Let’s start by looking at the kinetic energy derivatives from (3.21):

(3.22) Tm(α+1) =
1

2

m∑
p=0

α∑
µ=0

(
m

p

)(
α

µ

) N∑
j=1

upµ
j u

(m−p)(α−µ)
j

Next, where the uj(t, x⃗) are analytic, they are bound by Proposition 2.2:

(3.23)
∣∣umα

j

∣∣ ≤ U

(R)(m+∥α∥)m!α!

Using this bound in the right side of (3.22):

(3.24)
1

2

m∑
p=0

α∑
µ=0

(
m

p

)(
α

µ

)
N

U

(R)(p+∥µ∥) p!µ!
U

(R)(m+∥α∥−p−∥µ∥) (m− p)!(α− µ)!

which simplifies to:

(3.25)
∣∣∣Tm(α+1)

∣∣∣ ≤ N(U)2

2(R)(m+∥α∥) (m+ 1)!(α+ 1)!

We can change th4 α+1 index to α on boht sides, and, as in (2.21), the comparison
with (m+ k)! is the same for an k, so this simplifes to:

(3.26) |Tmα| ≤ N(U)2

2(R)(m+∥α∥)m!α! ≤ C

(R)(m+∥α∥)m!α!

Where C ≥ N(U)2/2 and Proposition 2.2 also holds for the kinetic energy. We also
could have deduced this result from the Cauchy–Kovalevskaya Theorem, that an
analytic differential equation with analytic initial conditions will have an analytic
solution. But now we also have a relation between the bounds for velocity and
kinetic energy.

4. Clay Math Existence and Smoothness Problem

I now have what is needed to prove version (A) of the Clay Math problem:

Corollary 4.1. Take ν > 0 and N = 3. Let uj(t, x⃗) be any smooth, divergence free
vector field satisfying:

(4.1)

∣∣∣∣∂∥α∥

∂x⃗α
u0
j (x⃗)

∣∣∣∣ ≤ Cαk

(1 + ∥x⃗∥)k

where Cαk is a positive constant for any αj and k > 0. Take f(t, x⃗) to be identically
zero. Then there exist smooth functions p(t, x⃗) and f(t, x⃗) on R3×[0,∞) that satisfy
(1.1), (1.2), (1.3) and the following constraint on the flow’s kinetic energy for some
constant C ≥ 0:

(4.2)

∫
R3

∥u⃗(t, x⃗)∥2dx⃗ ≤ C , ∀t ≥ 0
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Proof. The initial velocity condition in (4.1) is consistent with Proposition 2.2:

(4.3)

∣∣∣∣∂∥α∥

∂x⃗α
u0
j (x⃗

0)

∣∣∣∣ ≤ Cαk

(1 + ∥x⃗ 0∥)k
≤ U

(R)∥α∥
α!

Therefore the initial condition uj(t
0, x⃗) = u0

j (x⃗) is analytic for any x⃗ ∈ RN . As

force is identically zero, by Theorem 3.2, uj(t, x⃗), p(t, x⃗) ∈ Cω(RN ) ⊂ C∞(RN ).
To show that kinetic energy is bounded, first expand u(t, x⃗) as a univariate

Taylor series in t alone:
(4.4)

uj(t, x⃗) =

∞∑
m=0

um
j (t0, x⃗)∆m(t; t0), where: um

j (t0, x⃗) =

(
∂

∂t

)m

uj(t, x⃗)

∣∣∣∣
t=t0

The integral in (4.2) can be written with this series as:

(4.5)

∫
R3

∥u⃗(t, x⃗)∥2dx⃗ =

∞∑
m=0

(∫
R3

∥u⃗m(t0, x⃗)∥2dx⃗
)
∆m(t; t0) = Tm(t0)∆m

Next, let Ck = lim supα→∞ Ckα and assume the bounds on the u0α derivatives
also hold for the umα derivatives:

(4.6)
∣∣um

j (t0, x⃗)
∣∣ ≤ Ck

(1 + ∥x⃗∥)k

Then (4.1) with (3.6) from Lemma 3.1, yields an upper bound on the pressure
derivatives:
(4.7)

|pmα| ≤
N∑
j=1

m∑
p=0

m!

p!(m− p)!

(
Ck

(1 + ∥x⃗∥)k

)p(
Ck

(1 + ∥x⃗∥)k

)(m−p)

≤ N

(
Ck

(1 + ∥x⃗∥)k

)m

Using (4.6) and (4.7) with (3.8) from Theorem 3.2 provides:

(4.8)
∣∣um

j (t0, x⃗)
∣∣ ≤ ν

N∑
k=1

Ck

(1 + ∥x⃗∥)k
+N

(
Ck

(1 + ∥x⃗∥)k

)m

+

N∑
k=1

m∑
p=0

m!

p!(m− p)!

(
Ck

(1 + ∥x⃗∥)k

)p(
Ck

(1 + ∥x⃗∥)k

)(m−p)

This is consistent with the assumption in (4.6):

(4.9)
∣∣um

j (t0, x⃗)
∣∣ ≤ νN

Ck

(1 + ∥x⃗∥)k
+ 2N

(
Ck

(1 + ∥x⃗∥)k

)m

≤ C ′
αk

(1 + ∥x⃗∥)k

Putting this constraint into (4.5) yields:

(4.10) Tm(t0) ≤ N

∫
R3

(
C ′

k

(1 + ∥x⃗∥)k

)2

dx⃗
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However this bound means the integral in Tm(t0) evaluates to a constant, as in this
improper integral:

(4.11)

∫ ∞

−∞

(
1

(1 + |y|)k

)2

dy = lim
a→−∞

∫ 0

a

1

(1− y)2k
dy + lim

b→∞

∫ b

0

1

(1 + y)2k
dy

=

(
1

2k − 1
− lim

a→−∞

(1− a)(1−2k)

2k − 1

)
+

(
lim
b→∞

(1 + b)(1−2k)

1− 2k
− 1

1− 2k

)
=

2

2k − 1

Therefore, Tm(t0) ≤ C where C ≥ 0 for all m if k ≥ 1, and the flow’s kinetic energy
in (4.5) is bounded. □

Theorem 3.2 can be also used to prove version (B) of the Clay Math problem,
but only for analytic initial conditions:

Corollary 4.2. Let uj(t, x⃗) be any smooth, divergence free vector field satisfying:

(4.12) u0
j (x⃗+ e⃗j) = u0

j (x⃗) , p0j (x⃗+ e⃗j) = p0j (x⃗) , for 1 ≤ j ≤ 3

for u0
j (x⃗), p

0
j (x⃗ + e⃗j) ∈ Cω(X) and t, x⃗, e⃗j ∈ X ⊆ RN+1. Then there exist smooth

functions u(t, x⃗) and p(t, x⃗) that satisfy (1.1), (1.2), and:

(4.13) uj(t, x⃗+ e⃗j) = uj(t, x⃗) , pj(t, x⃗+ e⃗j) = pj(t, x⃗) , for 1 ≤ j ≤ 3

Proof. By Theorem 3.2, uj(t, x⃗), p(t, x⃗) ∈ Cω(X) ⊂ C∞(X). We set x⃗ 1 = x⃗ 0e⃗j .
In (3.8), if umα

j (t0, x⃗ 1) = umα
j (t0, x⃗ 0) and pmα(t0, x⃗ 1) = pmα(t0, x⃗ 0), the resulting

Taylor series are equivalent. □

5. Numerical Applications of This Solution

The solution in Theorem 3.2 can be used to generate Taylor series solutions, but
the convergence of these solutions is limited by the radius of convergence of these
series (e.g. the upper bound on R in the Proposition 2.2 derivative test). Although
velocity and pressure derivatives taken before reaching this limit could then be
used with Theorem 3.2 to build an analytic continuation of the solution, this ap-
proach may be more computationally intensive than existing numerical techniques
for solving the Navier-Stokes equations. However, even when a numerical technique
is more computationally efficient, it can have convergence issues that Proposition
2.2 and Theorem 3.2 can help resolve.

From Proposition 2.2, a multivariate Taylor series for velocity or pressure will

converge when |t+
∑N

j xj | < R. So as time increases, the |
∑N

j xj | that reaches the
radius of convergence decreases. This may be the cause of “blow up time” issues
in numerical solvers mentioned by Fefferman [1].

In addition, the recurrence relation (3.8) from Theorem 3.2 is underdetermined
without the sufficient boundary conditions, and can also be overdetermined with
incorrect boundary conditions. When using an iterative CFD solver, such under-
determined or overdetermined boundary conditions would lead to numerical insta-
bilities. In these cases, the recurrence relations in (3.2), (3.6), and (3.8) could be
used to detect and resolve such conflicts.
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6. Conclusion

The series algebra techniques that I used here to find the analytic solution of
Navier-Stokes equation can be used to solve a wide variety of ordinary and partial
differential equations, especially when combined with Faà di Bruno’s formula [2]
for the generalized chain rule. I have previously done this with the three-body
problem [4] and the motion of a particle in an arbitrary potential field [5]. Even
when such analytic solutions are less computationally efficient than existing numer-
ical methods, then can provide valuable insights into the properties of the general
solution.
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